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Abstract. We discuss the known evidence for the conjecture that the Dol- 
beault cohomology of nilmanifolds with left-invariant complex structure can 
be computed as Lie-algebra cohomology and also mention some applications. 



1. Introduction 

Dolbeault cohomology is one of the most fundamental holomorphic invariants of 
a complex manifold X but in general it is quite hard to compute. If X is Kahler 
then this amounts to describing the decomposition of the de Rham cohomology 

H$ R (X,C)= H^(X)= w(x,n p x ) 

p+q=k p+q=k 

but in general there is only a spectral sequence connecting these invariants. 

One case where at least de Rham cohomology is easily computable is the case of 
nilmanifolds, that is, compact quotients of real nilpotent Lie groups. If M =T\G 
is a nilmanifold and fj is the associated nilpotent Lie algebra Nomizu proved that 
we have a natural isomorphism 

where the left hand side is the Lie- algebra cohomology of g. In other words, com- 
puting the cohomology of M has become a matter of linear algebra 

There is a natural way to endow an even-dimensional nilmanifold with an almost 
complex structure: choose any endomorphism J : g — > g with J 2 = — Id and extend 
it to an endomorphism of TG, also denoted by J, by left-multiplication. Then J 
is invariant under the action of T and descends to an almost complex structure on 
M. If J satisfies the integrability condition 

(1) [x, y] — [Jx, Jy] + J[Jx, y] + J[x, Jy] — for all x, y E g 

then, by Newlander-Nirenberg [28l p. 145], it makes Mj = (Af, J) into a complex 
manifold. 

In this survey we want to discuss the conjecture 

The Dolbeault cohomology of a nilmanifold with left-invariant complex structure 
Mj can be computed using only left-invariant forms. 

This was stated as a question in [TJl E] but we decided to call it Conjecture 
in the hope that it should motivate other people to come up with a proof or a 
counterexample. A more precise formulation in terms of Lie-algebra cohomology is 
given in Section 13.11 

Before concentrating on this topic we would like to indicate why nilmanifolds 
have attracted much interest over the last years. Their main feature is that the 
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construction and study of left-invariant geometric structures on them usually boils 
down to finite dimensional linear algebra. On the other hand, the structure is 
sufficiently flexible to allow the construction of many exotic examples. We only 
want to mention the three most prominent in complex geometry: 

• If G is abelian then Mj is a complex torus. 

• The Iwasawa manifold X = T\G is obtained as the quotient of the complex 



by the lattice T = G D Gl(3, Z[i]) and as such is complex parallelisable. 
Nakamura studied its small deformations and thus showed that a small 
deformation of a complex parallelisable manifold need not be complex 
parallelisable [35] . 

Observe that X cannot be Kahler since dz^ — Z2<iz\ is a holomorphic 
1-form that is not closed. 
• Kodaira surfaces, also known as Kodaira- Thurston manifolds, had ap- 
peared in Kodaira's classification of compact complex surfaces as non- 
trivial principal bundle of elliptic curves over an elliptic curve |29j and 
were later considered independently by Thurston as the first example of a 
manifold that admits both a symplectic and a complex structure but no 
Kahler structure. In our context it can be described as follows: let 



and r = Gfl Gl(3,Z[i]). Then G = C 2 with coordinates z\,Z2 and the 
action of T on the left is holomorphic; the quotient is a compact complex 
manifold. If we set a — dz\ A (dz2 — z\dz\) then a + a is a left-invariant 
symplectic form on G and thus descends to the quotient. 



In fact, the first example is the only nilmanifold that can admit a Kahler structure 
[5] , so none of the familiar techniques available for Kahler manifolds will be useful 
in our case. 

Some more applications in complex geometry will be given in Section [4] Nilman- 
ifolds also play a role in hermitian geometry [TJ |H [35] , riemannian geometry J25[ [5] , 
ergodic theory [25] , arithmetic combinatorics [5T] , and theoretical physics [TH1 [2D] ■ 

In order to discuss the above conjecture on Dolbeault cohomology we start by 
sketching the proof of Nomizu's theorem because some of the ideas carry over 
to the holomorphic setting. Then we recall the necessary details on Dolbeault 
cohomology to give a precise statement of the conjecture. It turns out that we are 
in a good position to prove the conjecture whenever we can inductively decompose 
the nilmanifold with left-invariant complex structure into simpler pieces. This is 
due to Console and Fino [IT], generalising previous results of Cordero, Fernandez, 
Gray and Ugarte [II] . 

Section 13.41 contains the only new result in this article. We prove that the 
conjecture always holds true if we pass to a suitable quotient of the nilmanifold 
with left-invariant complex structure and also discuss some possible approaches to 
attack the general case. 
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1.1. Notations. Throughout the paper G will be a simply connected nilpotent 
real Lie-group with Lie-algebra g. Every nilpotent Lie group can be realised as a 
subgroup of the group of upper triangular matrices with l's on the diagonal. 

We will always assume that G contains a lattice T thus giving rise to a (compact) 
nilmanifold M — T\G. Elements in g will usually be interpreted as left-invariant 
vector fields on G or on M. We restrict our attention to those complex structures 
on M that are induced by an integrable left-invariant complex structure on G and 
are thus uniquely determined by an (integrable) complex structure J : g — > g. The 
resulting complex manifold is denoted Mj. Note that even on a real torus of even 
dimension at least 6 there are many complex structures that do not arise in this 
way [7]. 

The group G is determined up to isomorphism by the fundamental group of M 
[44) Corollary 2.8, p. 45] and by abuse of notation we sometimes call g the Lie- 
algebra of M . 

2. Real nilmanifolds and Nomizu's result on de Rham cohomology 

The aim of this section is to prove Nomizu's theorem. 

Theorem 2.1 (Nomizu [36]) — Let M be a compact nilmanifold. Then the inclu- 
sion of left- invariant differential forms in the de Rham complex 

K'g* ^A'(M) 

induces an isomorphism between the Lie-algebra cohomology of g and the de Rham 
cohomology of M , 

H*(g,R)=H* R (M,R). 

Since some of the main results on Dolbeault cohomology discussed in the next 
section rely on similar ideas we will examine the proof in some detail: at its heart 
lies an inductive argument. 

Let M = T\G be a real nilmanifold with associated Lie algebra g and let ZG 
be the centre of G. By [16j p. 208], ZT = L n ZG is again a lattice and the 
projection G — > G/ ZG descends to a fibration M — > M' . The fibres are real tori 
T = ZG/ZT. Since elements in ZG commute with elements in T their action 
descends to the quotient and M — > M' is a principal T-bundlc. 

To iterate this process we recall the following definition. 

Definition 2.2 — For a Lie-algebra g we call 

Z°g := 0, Z t+1 g :={xeg \ [x, g] C Z l g} 

the ascending central series and 

C°g:=g, C l+1 g:=[Cg,g} 

the descending central series of g. 

The Lie-algebra is called nilpotent if there is a is E N such that Z v g — g, or 
equivalently C V Q — 0. The minimal such v — v{g) is called the index of nilpotency 
or step-length of g. 

The same definition can be made on the level of the Lie-group G and the resulting 
sub-algebras and subgroups correspond to each other under the exponential map. 

Proceeding inductively, we can use the first filtration on g to decompose M 
geometrically; the second one induces a similar decomposition since C l g C Z v ~' L g. 
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More precisely, if we denote by Tj the torus obtained as a quotient of Z l G/ Z l+1 G 
by ZT/Z l+1 r then there is a tower 

(2) TiC My 

T 2 C M 2 

TT2 



r„_ic — »-m„_i 

7Ti/-l 

My 

and each 7Tj : Mj — > Afj+i is a TVprincipal bundle. 

This geometric description is crucial in the proof of Nomizu's Theorem. The 
underlying idea is quite simple: we perform induction over the index of nilpotency 
v. If v = 1, i.e., g is abelian, then M is a torus and the result is well known. For 
the induction step, we consider M as a principal torus bundle over a nilmanifold 
M' with lower nilpotency index. Then we have to combine our knowledge of the 
cohomology of the fibre and of the base to describe the cohomology of the total 
space M. This is achieved by means of two spectral sequences, the Leray-Serre 
spectral sequence and the Serre-Hochschild spectral sequence. 

Let us work this out a bit more in detail starting on the geometric side: let 
A k {M) be the the space of smooth differential fc-forms on M and consider the de 
Rham complex 

-> A°(M) -4 A 1 (M) A ... A A n {M) -> 0. 

The principal bundle it : M — > M' with fibre T induces an inclusion tt* A 1 (M') <—} 
A 1 (M) and thus a filtration of A k (M) whose graded pieces are generated by forms 
of the type (ir*a) A /? where (5 is a differential form along the fibres. Decomposing 
also the differential and starting with the vertical component we have constructed 
a version of the Leray Serre spectral sequence 

E p 2 ' q = H p (M',H q (T,R)) =► H p d + q {M). 

In the general case the £?2-term has to be interpreted as cohomology with val- 
ues in a local system but since we have a principal bundle with connected struc- 
ture group the monodromy action on H q (T, R) is trivial and we have E\' q = 
H P d n(M>)®H q R (T). 

Now we repeat the construction on the level of left-invariant forms. Consider 
A'q* as a subcomplex of the de Rham complex (A',d). The differential of a fc-form 
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a can be defined entirely in terms of the Lie-bracket and the Lie-derivative as 

fc+i 

(d k a)(xi, . . .,x k +i) := ^(-l)' i+1 x,;(a(xi, . . .,x u .. .,x k+1 )) 
i=l 

+ a([x i; Xj],Xx,...,Xi,..., Xj,..., Xfc+i). 

l<i<j<fe+l 

For left-invariant a £ A fe g* and x\ £ it reduces to 

(d fc a)(xi, . . . ,x fe+ i) = (- 1 ) i+ja ([ x h x j]^ x U ...,Xi,...,Xj,.. -,x k+ i) 

l<i<j<k+l 

and the complex (A'g*,d) is defined purly algebraically. It is known as Chevalley 
complex [10] and computes the Lie-algebra cohomology of g (see also [45J Chapter 
7]). 

If the fibration ir : M — > M' corresponds to the short exact sequence 

0->lj-»fl->fl/l)->0 

where f) = Zq as explained above then the dual sequence induces a filtration on 
the exterior powers A k g* and we can organise the graded pieces into a spectral 
sequence, the Hochschild-Serre spectral sequence (see [35] Section 7.5]), with 

E™ = A*(fl/lj)*®AV 
= iP( /f,,lF(f))) = HP{qI\ ) )®H«®) HP+«( S ,R). 

The second description of the i?2-term holds in our setting since f) is contained in 
the centre of g, which corresponds to n being a principal bundle. 

Now we deduce a proof of Nomizu's theorem: we know the result for the torus 
and then proceed by induction on the nilpotency index. The inclusion (A"jj*, d) 
(A'(M),d) is compatible with the filtrations we introduced and thus we get an 
induced homomorphism of spectral sequences. At the E2 level this is 

which is an isomorphism by induction hypothesis. Thus also in the limit we have 
the desired isomorphism 

H*(g)^H* dR (M). 

Remark 2.3 — The statement we just proved extends to solvmanifolds, i.e., 
compact quotients of solvable groups, that satisfy the so-called Mostow condition 
|34) . The de Rham cohomology of more general solvmanifolds can be studied via an 
auxiliary construction due to Guan [23] which was recently reconsidered by Console 
and Fino [12] . 

3. Left-invariant complex structures and Dolbeault cohomology 

We start this section by recalling the definition of Dolbeault cohomology and 
giving the precise statement of the conjecture. Then we discuss to what extent 
the proof of Nomizu's result, discussed in the preceding section, carries over to the 
holomorphic setting. After mentioning the openness result of Console and Fino we 
will also give some new results and discuss directions of future research. 
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3.1. Reminder on Dolbeault cohomology. Recall that an (integrable) complex 
structure on a diffcrentiable manifold M is a vector bundle endomorphism J of the 
tangent bundle which satisfies J 2 = — Id and the integrability condition ([TJ . The 
endomorphism J induces a decomposition of the complexified tangent bundle by 
letting pointwise T 1 '°M C T C M = TM® C be the i-eigenspace of J. Then the -i- 
eigenspace is T°^M = T X >°M. Note that T lfi M is naturally isomorphic to (TM, J) 
as a complex vector bundle via the projection, and the integrability condition can 
be formulated as [T^M, T 1,0 M] C T lfi M. 

The bundle of differential fc-forms decomposes 

A k T*M= K p T* lfi M®K q T*°' l M = A p ' q T*M, 

p+q=k p+q=k 

and we denote by A p ' q (M) the C°°-sections of the bundle A p ' q T*M, i.e., the global 
differential forms of type (p, q) . 

The integrability condition ([TJ is equivalent to the decomposition of the differ- 
ential d — d + d and for all p we get the Dolbeault complex 

(A p '*(Mj),d) : -> A P '°{M) A A P,1 (M) A . . . 

The Dolbeault cohomology groups H p ' q (M) = H q (A p -'(M),d) are one of the most 
fundamental holomorphic invariants of Mj; from another point of view, the Dol- 
beault complex computes the cohomology groups of the sheaf f!^ of holomorphic 
p-forms. 

In case M is a nilmanifold and J is left-invariant all of the above can be consid- 
ered at the level of left-invariant forms. Decomposing = g* 1 '°©0* ' 1 and setting 
AP,i Q * = A p g* lfi ® AV ' 1 we get subcomplexes 

(3) (A*V,5) ^ (A p ''(Mj),d). 

In fact, the left hand side has a purely algebraic interpretation worked out in |41) : 
g 0,1 is a Lie-subalgebra of gc and the adjoint action followed by the projection 
to the (l,0)-part makes g 1,0 into an g 0,1 -module. Then the complex (A p '*g*,<9) 
computes the Lie-algebra cohomology of g ' 1 with values in A^g* 1, and we call 

H p ' q ( B ,J)^H q (^\A p Q * 1 '°)^H q (A p ^Q*,d) 

the Lie-algebra Dolbeault cohomology of (g, J). 

We can now formulate the analogue of Nomizu's theorem for Dolbeault coho- 
mology as a conjecture. 

Conjecture — Let Mj be a nilmanifold with left-invariant complex structure. 
Then the map 

cf>j:H p ' q ( ,J)^H p '"(Mj) 
induced by ([3|) is an isomorphism. 

It is known that <f>j is always injective (see [TT] or [41j). 

We will accumulate evidence for the conjecture over the next sections and also 
explain which are the open cases. 
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3.2. The inductive proof. In order to extend the idea of Nomizu's proof to Dol- 
beault cohomology we need to have three ingredients: 

(i) Can we start the induction, i.e., can we express the Dolbeault cohomology 
of a complex torus as a suitable Lie-algebra cohomology? 

(ii) Does the complex geometry of nilmanifolds allow us to proceed by in- 
duction? For example, is every nilmanifold with left-invariant complex 
structure a holomorphic principal bundle? 

(Hi) Are there spectral sequences that play the role of the Leray-Serre and 
Hochschild-Scrre spectral sequence for (Lie-algebra) Dolbeault cohomol- 
ogy? 

It is well known that the first question has a positive answer (see e.g. [311 p. 15]). 
In our language, assume that g is abelian and J is a complex structure. Then 
the differential in the Lie-algebra Dolbeault complex (A p, 'g*,d) is trivial (being 
induced by the adjoint action) and thus 

H p ' q (g, J) = A pq g* — A p q* ® A 9 g* = H pq (Mj). 

Unfortunately, the answer to the second question is negative. We will discuss 
the geometry of nilmanifolds with left-invariant complex structure in Section 13.2.11 
and see that nevertheless the inductive approach works in many important special 
cases. 

The positive answer to the third question, important for the induction step, 
has been worked out by Cordero, Fernandez, Gray and Ugarte |14j for principal 
holomorphic torus bundles and in greater generality by Console and Fino |11) . 
The extra grading coming from the (p, q)-type of the differential forms makes the 
notation and the construction of the necessary spectral sequences more involved. 
For the usual Dolbeault cohomology of a holomorphic fibration the result goes back 
to Borel [231 Appendix II, Theorem 2.1]. 

Proposition 3.1 (Console, Fino) — Let Mj be a nilmanifold with left-invariant 
complex structure and let n : M — > M' be a holomorphic fibration with typical fibre 
F induced by a T -rational and J -invariant ideal t) C g (as explained in Section 
\3.2.1\) . If for allp,q we have 

J| h ) S H p,q (F) and H p - q ( Q /t), J') £* H™(M'), 

where J' is the complex structure on g/t) induced by J, then also 

H p ' q {Q, J) — H p,q (M). 

Clearly, with the above proposition we can proceed inductively to compute the 
Dolbeault cohomology of iterated holomorphic principal bundles as we did in the 
real case. Unfortunately, considering principal holomorphic torus bundles is not 
enough so we really need to decide when a nilmanifolds with left-invariant complex 
structure admits a suitable fibration. 

3.2.1. When is a nilmanifold with left-invariant complex structure an iterated (prin- 
cipal) bundle? We have seen that we need to understand the geometry of nilmani- 
folds with left-invariant complex structure, in particular whether there are natural 
fibrations over nilmanifolds of smaller dimension. In general, the projections in 
the tower of (real) principal bundles (J5|) will not be holomorphic, for example, the 
centre could be odd-dimensional. 
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It would be convenient if we could detect fibrations of M by studying only the 
Lie-algebra g. For universal cover, i.e., the simply connected Lie group, this is easy: 
a fibration G — > G' over another simply connected nilpotent Lie-group corresponds 
to a short exacts sequence of Lie algebras 

0^t)^g-^g'^0 

or, in other words, to an ideal t) C g. Here we use that, by the Baker-Campell- 
Hausdorff formula (see e.g. [27j Section B.4]), the exponential map exp : g — > G is 
a diffeomorphism and hence every ideal induces a closed subgroup of G. 

If we look at a 2-dimensional torus M = R 2 /Z 2 then every 1-dimensional sub- 
space f) in the abelian Lie-algebra g = ]R 2 is an ideal. But there is some extra 
structure: a basis for the lattice (or, strictly speaking, the logarithm of this ba- 
sis) generates a Q- vector space gQ = Q 2 c g such that gQ(g)R = g. Clearly, a 
1-dimensional subgroup corresponding to fj C g closes to a circle in the quotient 
if an only if it has rational slope, i.e., if and only if f) n gQ is a Q- vector space of 
dimension 1. 

The general case is captured in the following definition. 

Definition 3.2 — Let g be a nilpotent Lie-algebra. A rational structure for g is a 
subalgebra defined over Q such that gQ ® M = g. 

A subalgebra f) C Q is said to be rational with respect to a given rational structure 
0Q if S)Q : — f) H gQ is a rational structure for [). 

If r is a lattice in the corresponding simply connected Lie-group G then its asso- 
ciated rational structure is given by the Q-span o/logL. A rational subspace with 
respect to this structure is called T-rational. 

Remark 3.3 — One has to check that this is well defined, i.e., that the Q-span of 
logF gives a rational structure. Indeed more is true: a nilpotent Lie-algebra admits 
a Q-structure if and only if the corresponding simply connected Lie-group contains 
a lattice [HI Theorem 5.1.8]. 

This criterion makes it particularly simple to produce examples: given a nilpotent 
Lie-algebra g with rational structure constants we know that there exists a lattice 
r in the corresponding Lie-group G and we get a compact nilmanifold M = F\G. 
Since most properties of M are encoded in g there is usually no need to specify the 
lattice concretely. 

Coming back to the original problem we have [16( Lemma 5.1.4, Theorem 5.1.11]: 

Lemma 3.4 — Let f) C g be an ideal. Then the fibration G G/expf) descends 
to a fibration of compact nilmanifolds 7T : M — > M' if and only if f) is T -rational. 

In principle, all subspaces that are naturally associated to the Lie-algebra struc- 
ture of g are rational with respect to any rational structure in g. In particular this 
holds for the subspaces in the ascending and descending central series (Definition 
12. 2[) and intersections thereof |T6l p. 208]. 

If we add left-invariant complex structures, we would like the fibration it : Mj — > 
M'j, to be holomorphic as well, which, by left-invariance, is the same as to say that 
g — > g' is complex linear or equivalently that f) is a complex subspace of (g, J). We 
have proved 

Proposition 3.5 — Let Mj be a nilmanifold with left-invariant complex structure. 
Then I) C g defines a holomorphic fibration ir : Mj — > M' v if and only if f) is a 
J -invariant and T-rational ideal in g. 
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It is time for an example that shows what can go wrong: 

Example 3.6 — We define a 6-dimensional Lie algebra f)7 with basis ei, . . . ,e$ 
where, up to anti-commutativity, the only non-zero brackets are 



The vectors e 4 . . . , ee span the centre Z 1 ^ — C x \)-j. 

Since the structure equations are rational there is a lattice F in the corresponding 
simply connected Lie-group Hj and we can consider the nilmanifold M = T\Hj. 

For A £ R we give a left-invariant complex structure J\ on M by specifying a 
basis for the space of (1, 0)-vectors: 

(f)7 1,0 )A := {Xi = ei - ie 2 ,X£ = e 3 - i(e 4 - Aei),X 3 A = -e 5 + Ae 4 + ie 6 ) 

One can check that [X\ , X 2 ] — X^ and, since X^ is contained in the centre, the 
complex structure is integrable. The largest complex subspace of the centre is 
spanned by the real and imaginary part of X% since the centre has real dimension 
three. 

The simply connected Lie-group H7 has a filtration by subgroups induced by the 



t) 7 DVi= (Ae 2 + e3,e4,/m(X3 A ),i?e(X 3 A )) D V 2 = (Im(x£), Re(X^)) D 



on the Lie- algebra and, since all these are J invariant, H>? has the structure of a 
tower of principal holomorphic bundles with fibre C. In fact, using the results of 
|43) . a simple calculation shows that every complex structure on f) 7 is equivalent to 



Now we take the compatibility with the lattice into account. The rational struc- 
ture induced by F coincides with the Q-algebra generated by the basis vectors eu 
and, by the criterion in Proposition 13.51 the fibrations on H7 descends to the com- 
pact nilmanifold M if and only if A is rational. In fact, one can check that for A ^ Q 
the Lie-algebra t)j does not contain any non-trivial ./-invariant, and P-rational ideals, 
so there is no holomorphic fibration at all over a nilmanifold of smaller dimension. 

To understand when there is a suitable tower of fibrations on a nilmanifold the 
following definitions turn out to be useful: 

Definition 3.7 — Let g be a nilpotent Lie-algebra with rational structure gq. We 
call an ascending filtration 



a (complex) torus bundle series with respect to a complex structure J if for all 
i=l...,t 



[ei,e 2 ] 



e4, [ei,e 3 ] 



es, [e2,e 3 ] = -e 6 . 



filtration 



Jo- 



= S°g c S^q c • • • C 5*g = 



(a) 

(b) 
(c) 




If in addition 



{d) S l+1 g/S l g C Z(g/S*g), 

then (6> l £j)i = o,...,t * s called a principal torus bundle series. 
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An ascending filtration (5 l g)i=o,...,t on g is said to be a stable torus bundle 
series for g, if (<S l g)i=o,...,t * s a torus bundle series for every complex structure J 
and every rational structure gq in g. If also condition holds then it is called a 
stable principal torus bundle series. 

Geometrically, a principal torus bundle series induces the holomorphic analogue 
of the tower of real principal torus bundles described in ([2]). 

With a torus bundle series we get in some sense the opposite picture: we start by 
fibring M over a complex torus with fibre a nilmanifold with left-invariant complex 
structure and then proceed by decomposing the fibre further. More precisely, the 
complex structure J restricts to each of the sub-algebras S l g, and since they are 
rational we get a nilmanifold with left-invariant complex structure Mj = S l T\S 1 G 
where S l G = cxp<S ! g and S l T = T n SiG. Let Tj be the complex torus associated 
to S l g/S l ~ 1 g with the induced complex structure and lattice. The short exact 
sequences 

-> S^g -> S*g -> 5*8/5*"^ -> 
give rise to holomorphic fibre bundles 

(4) M^C > Mi for i = 1, . . . , t 

T, 

with M t — M and Mi = T\. Note that these bundles cannot be principal bundles 
in general since the fibre is not a complex Lie group. 

Thus a torus bundle series gives an inductive decomposition of Mj into complex 
tori. Considering the complex structure Jo i n Example 13.61 we see that the length 
of a (principal) torus bundle series may be larger than the nilpotency index. 

The notions of stable (principal) torus bundle series appear to be quite strong but 
in [JU] many examples of such have been produced. For example, the classification 
of complex structures on Lie-algebras with dimC 1 ^ = 1, worked out independently 
by several authors, shows that C Zg C g is a stable principal torus bundle series 
[40l Propostion 3.6]. The notion has the advantage to be independent of the chosen 
lattice and complex structure and allows to give structural information valid for all 
nilmanifolds with left- invariant complex structure and Lie- algebra g. 

If we have a holomorphic decomposition as (|5J) on page [4] or (j2J then, by Propo- 
sition 13.11 the inductive approach works and we obtain 

Theorem 3.8 (Console, Fino) — If Mj is a nilmanifold with left-invariant complex 
structure such that g admits a (principal) torus bundle series with respect to J then 
Conjecture \3.1\ holds for Mj . 

Corollary 3.9 — If g admits a stable (principal) torus bundle series then Conjec- 
ture \3.1\ holds for every nilmanifold with left-invariant structure with Lie-algebra 
0- 

All possible types of nilmanifolds with left-invariant complex structure up to 
real dimension 4 were mentioned in the introduction - there are only complex tori 
and Kodaira surfaces for which the conjecture is well known. In real dimension 6 
there are only 34 isomorphism classes of nilpotent Lie-algebras and the 18 classes 
admitting a complex structure have been classified by Salamon [42]. We already 
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met the Lie- algebra t)7 in Example 13.61 The first part of the following result, which 
implies the second, is contained in [40l Section 4.2]. 

Corollary 3.10 — If Mj is a nilmanifold of dimension at most six with Lie-algebra 
g ¥ f)7 then g admits a stable (principal) torus bundle series and Conjecture \3.1\ 
holds for Mj. 

Roughly half of the Hodge numbers of a nilmanifold (T\Hj, J) can be checked by 
hand to coincide with the predictions but the ones in the middle are not immediately 
accessible. 

The conjecture is known to be true in other important special cases. If Mj is 
the quotient of a complex Lie group, i.e., (g, J) is a complex Lie algebra, then the 
tangent bundle of M j is holomorphically trivial and Mj is complex parallelisable. 
This can be reformulated as [Jx,?/] = J[a;,y] for all x,y 6 g or equivalently as 
[fl 1 '° ! fl°' 1 ] = 0. 

Complex structures satisfying the opposite condition [fl 1 ' ,^ 1 ' ] = are called 
abelian (because g 1,0 is an abelian subalgebra of gc)- Such complex structures were 
introduced by Barberis [3] and come up in different contexts [H [T7] . 

In both cases it is straightforward to check that the ascending central series is a 
principal torus bundle series and thus we have 

Corollary 3.11 — If Mj is a nilmanifold with left-invariant complex structure 
and J is abelian or if Mj is complex parallelisable then Mj is an iterated principal 
holomorphic torus bundle and Coniecture \3. 1\ holds for Mi. 

It was another insight of Console and Fino that the essential issue here is ratio- 
nality of ideals: consider the descending central series adapted to J defined by 

C l j(g)=Cg + JCg, 

in other words C}jj is the smallest J-invariant subspace of g containing C l g. Then, 
by [Til Lemma 1], these subspaces satisfy condition (b) and (c) of Definition 13.71 
Thus they induce a decomposition of the universal cover (G, J) as an iterated 
holomorphic bundle over complex vector spaces similar to 

The decomposition of the universal cover descends to the compact manifold Mj 
if and only if the subspaces Cjg are rational. In particular this is the case, if J 
itself is rational, i.e., if J maps jjq to itself. Thus we have 

Corollary 3.12 (Console, Fino) — If J is rational then g admits a torus bundle 
series adapted to J and Coniecture \3.1\ holds for Mj. 

This result is very useful, since if one is looking for specific examples usually 
everthing can be chosen to be rational. 

3.3. Console and Fino's result on openness. In the last section we have seen 
that we can compute Dolbeault cohomology with left-invariant forms whenever we 
have some control over the geometry of Mj. Using deformation theoretic methods 
one can go further. 

Recall that the datum of a complex structure J : g — > g is equivalent to specifying 
the subspace g 1,0 c gc- So the set of left-invariant complex structures can be 
identified with the subset 



C(g) = {Ve Gr{n, g c ) \ V n V = 0, [V, V] C V} 
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of the Grassmannian of half-dimensional subspaces of gc. The first condition en- 
sures that gc = V © V and the second that the complex structure Jv with the 
corresponding eigenspace decomposition is integrable. 

The question when the universal cover decomposes as an iterated principal bun- 
dle as in ([2]) has been studied by Cordero, Fernandez, Gray and Ugarte. Such 
left-invariant complex structures are called nilpotent and an algebraic characteri- 
sation has been given in [14] . 

Note that it is a hard problem to decide whether C(g) ^ for a given nilpotent 
Lie- algebra g. 

Theorem 3.13 ([11, Theorem A]) — Let U C C(g) be the subset of left-invariant 
complex structures J for which the inclusion 

4>j:H™{g,J)^H™{Mj) 

is an isomorphism. Then U is an open subset ofC(g). 

The strategy of the proof is to show that the dimension of the complement of 
H p,q (g, J) in H p ' q (Mj) is upper-semi-continuous and thus remains equal to zero in 
an open neighbourhood of any point J where <pj is an isomorphism. 

So to prove Conjecture 13. II it would be sufficient to show that, for each connected 
component of C(g), the subset U as in the Theorem is non-empty and closed. 
Unfortunately Hodge-numbers do behave badly when going to the limit, especially 
for non-Kahler manifolds, so closedness is very difficult. 

The set of rational complex structures is a good candidate to show that U is 
non-empty and dense but it is not clear to me whether C(g) does always contain 
rational complex structures provided it is non-empty. Calculations suggest that 
this will not be the case but a concrete counterexample is complicated to write 
down. 

Remark 3.14 — In Corollary 13.111 we saw that the conjecture holds for abelian 
complex structure and complex parallelisable nilmanifolds. Small deformations of 
such structures have been studied in some detail and deformations of these are 
again left-invariant but in general neither abelian nor complex parallelisable (see 
Section l4~2l and p~3| 1331 |39 ). In this way we can get more examples of interesting 
complex structures where the conjecture still holds. 

3.4. Some new results and open questions. In this section we first present a 
result that any nilmanifold with left-invariant complex structure is not too far away 
from satisfying Conjecture 13. 11 it suffices to take a finite quotient. This result is 
new and might lead to a complete proof; we will discuss some possible approaches 
below. 

We first need a lemma that exploits the especially simple arithmetics of lattices 
in nilpotent Lie groups. 

Lemma 3.15 — Let g be a nilpotent real Lie algebra, T C G a lattice and Qq the 
rational structure associated to logT. Then for any x G 0q there exists a lattice V 
such that F C r' of finite index and exp(a;) G F'. 

Proof. Pick any lattice T containing exp(ir) and inducing the same rational struc- 
ture in g as T. This is possible by [16j Lemma 5.1.10]. Then by [16j Theorem 5.1.12] 
r n T is a lattice in G which is of finite index in both F and T. If we define T' to 
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be the subgroup of G generated by T and f then V is again discrete and contains 
both exp(:r) and L. □ □ 

Proposition 3.16 — Let Mj = (T\G, J) be a nilmanifold with left-invariant com- 
plex structure. Then there exists a lattice V C G with T of finite index in V such 
that 

4,j:H^(q)^H^(T'\G,J). 

In other word, given any nilmanifold with left-invariant complex structure Mj 
there is a finite regular covering it : Mj — > M'j such that the conjecture holds for 
M'j. 

Proof. Endow all involved bundles with left-invariant hermitian metrics. Then the 
Laplacian = dd +d d is a left-invariant elliptic differential operator on G. Let 
T-L{G) :— ker(A^) be the space of harmonic forms of type (p, q) on G. We can take 
invariants under G and L respectively and get 

H p<i(M) * H(Gf D H(G) G = H p ^(q, J). 

The last equality comes from the compatibility of the Hodge-decomposition with 
the subspace of left-invariant form; this hat been worked out in detail in |41) . 

We prove our claim by induction on d := dim%(G) r — dim H(G) G . If d = we 
can take r' = T. 

If d > there exists an a 6 H(G) r and an open subset U C G such that 

g*a ^ a 

for g G U. Let qq be the rational structure induced by log(L) C g. Since the 
exponential map is a diffcomorphism the image of qq is dense in G and we can find 
an x 6 0q such that exp(ir) £ U. 

By Lcmma r3.15l we can find a lattice fcG such that L C L' of finite index and 
exp(z) G T'; then a $ H(G) r ' = HP>i(T'\G, J) and we conclude by induction. □ □ 



Remark 3.17 — Proposition 13.161 suggested an approach that unfortunately did 
not prove successful. Assume we have constructed for a nilmanifold with left- 
invariant complex structure Mj a lattice T C T' as above and then manage to find 
a way to scale it down, i.e., to find a contracting automorphism (i of G such that 
/i(r') = T' C T. This is possible if q is naturally graded but not in general [TS]- On 
the level of real manifolds this corresponds to two regular coverings 

M' = f'\G M -> M' = T'\G 

and a (different) isomorphism fi : M' = M' . 

If [i preserves the complex structure, i.e., M'j and M'j are isomorphic as complex 
manifolds then the injections 

HP'*(g, J) = H p > q (M'j) <->• H p > q {Mj) <-> H p > q (M'j) = H p ' q (g, J) 

prove the conjecture for Mj. But this will generally not be the case, as can be 
worked out for the Lie-algebra given in Example 13.61 
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Remark 3.18 — We have seen that Conjecture 13.11 holds if we understand the 
complex geometry of a nilmanifold with left-invariant complex structure Mj. In 
addition we have the openness result of Console and Fino. Nevertheless the general 
case remains open. 

There are two other approaches one could try: in the proof of Proposition 13.161 
we compared G-invariant and T-invariant A^-harmonic differential forms on the 
universal cover G after choosing some left-invariant hermitian structure. The study 
of this elliptic operator falls into the realm of harmonic analysis but there does not 
seem to be a general result that shows that T-invariant harmonic forms are G- 
invariant. One problem is again that A^ does not need to have any compatibility 
with the natural nitrations on q but working on G we might avoid the issue of 
rationality. 

Going back to the compact manifold Mj one might try to use some Weitzenbock 
formula to express A^ in a different way. But since Mj is in general not Kahler 
the Chern-connection compatible with the hermitian structure will differ from the 
Levi-Civita connection and again there does not seem to be an applicable general 
formula at the moment. In this context Gromov's characterisation of nilmanifolds 
as almost flat manifolds |22j might play an important role. 

4. Applications 

As mentioned in the introduction, nilmanifolds can be a convenient source of 
examples in many contexts. Integrability conditions for additional left-invariant 
geometric structures usually boil down to linear algebra and thus one easily writes 
down interesting examples of complex, riemannian, hermitian or symplectic struc- 
tures. Proceeding from the examples to general results is more difficult. 

Here we will discuss two further applications related to complex structures ref- 
erences to other areas have already been given in the introduction. 

4.1. Prescribing cohomology behaviour and the Frolicher spectral se- 
quence. If Coniecture l3.1l holds for a nilmanifold with left-invariant complex struc- 
ture Mj the computation if its Dolbeault cohomology H p q (Mj) — H p ' q (Q, J) is a 
matter of finite-dimensional linear algebra and can be taught to a computer algebra 
system. In addition this makes it possible to study the Frolicher spectral sequence 

£f'« = fl™(Mj)^fl*R«(M,C), 

that measures the difference between Dolbeault cohomology and de Rham coho- 
mology. This spectral sequence degenerate at E\ for all compact complex surfaces 
but Cordero, Fernandez, Gray and Ugarte showed in [15], studying nilmanifolds, 
that for complex 3-folds the maximal non-degeneracy Ei ^ E^ = E^ is possible. 
Later we constructed a family X n —> T n of principal torus bundles over tori such 
that d n ^ for X n (see [38]). Probably, starting from dimension 3, the maxi- 
mal non-degeneracy is possible but concrete examples are still missing. If we ask 
in addition for simply connected manifolds there are only very few examples with 
non-zero higher differentials known |37| . 

The idea behind these examples is that if we write down some 1-forms and their 
differentials carefully enough we get a nilmanifold supporting these forms for free. 
For example, let V, W be two complex vector spaces and give an arbitrary map 

S:W* -> K 2 V* ®{V* ®V*). 



DOLBEAULT COHOMOLOGY OF NILMANIFOLDS 



15 



Setting g 1 ' — V(SW and gc := g 1 ' © g 1 ' we extend S to a map 

d : flc -> A 2 0c 

which is zero on © and <5 + <5 on W* © W^* . There is a natural real vector 
space g = {z + z \ z E g 1,0 } C gc and via the identity 

da(x, y) = — a([x, y]) for a € g* and x, y G g 

the vector space g becomes a 2-step nilpotent Lie-algebra. The decomposition of gc 
defines an almost complex structure J on g which is integrable by our choice that 
5 has no component mapping to A 2 V. If we have chosen 5 such that the structure 
constants of g turn out to be rational there exists a lattice in the associated nilpotent 
Lie-group and we have constructed a nilmanifold Mj with left-invariant complex 
structure. 

Nearly by definition Mj is a principal holomorphic torus bundle over a torus and 
thus we not only have prescribed the differential of some 1-forms quite arbitrarily 
but our datum encodes in fact the whole cohomology algebra. 

Constructing nilmanifolds with higher nilpotency index in a similar way is more 
tedious since one has to take care of the Jacobi identity, equivalent to d 2 = 0, as 
well. 

4.2. Deformations of complex structures. Our main motivation to study Con- 
jecture 13.11 was the question if small deformations of left-invariant complex struc- 
tures remain left-invariant. Generalising results of Console, Fino and Poon [13] (see 
also [33]) we proved 

Theorem 4.1 ([411 Theorem 2.6]) — If Conjecture \3.1\ holds for a nilmanifold 
with left-invariant complex structure Mj then all sufficiently small deformations of 
J are again left-invariant complex structures. 

The idea of the proof is that small deformations of J are controlled by the first 
and second cohomology groups of the holomorphic tangent bundle. By constructing 
a version of Serre-duality that works purely on the level of Lie-algebra cohomology 
one can represent the elements of H 1 (Mj,Tm.j) by left-invariant forms and the 
result follows by the standard inductive construction of the Kuranishi space [50] . 

The space of all integrable complex structures on a nilmanifold M modulo ori- 
entation preserving diffeomorphisms isotopic to the identity is called Teichmuller 
space 1(M). It is (locally) a complex analytic space, the germ at a fixed complex 
structure J being the Kuranishi space of (M, J). Thus the theorem says that, un- 
der the assumption of Conjecture 13. 1[ the set of left-invariant complex structures 
is open in %{M). 

If the Lie algebra g of M admits a stable (principal) torus bundle series (see 
Definition 13.71) then Conjecture 13.11 holds for all left-invariant complex structures 
on g and it is natural to ask if the set of left-invariant complex structures is also 
closed. The starting point in this direction is Catanese's result that all deformations 
in the large of a complex torus are complex tori [7] . Generalising results of Catanese 
and Frediani [HI [5] this was extended in 40 to a large class of nilmanifolds with 
left-invariant complex structure. As an example we would like to mention that 
every deformation in the large of the Iwasawa manifold is a nilmanifold with left- 
invariant complex structure; in this case the topology of the space of left-invariant 
complex structures is known [26] . 
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In this area many interesting questions remain open, we hope to address some of 
these in future work. Progress in the direction of Conjecture 13.11 would encourage 
our belief that the complex geometry of nilmanifolds with left-invariant complex 
structure can be completely understood via linear algebra. 
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